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Abstract
In the presence of some forms of global anomalies, the equivalence
theorem, which relates the interactions of longitudinal gauge bosons
to those of the Goldstone bosons, is not always valid. This can occur
when the Goldstone sector contains an anomaly which is canceled in
the gauge currents by the effects of a different sector of the theory.
The example of the Standard Model without Higgs particles is used
to illustrate this phenomena.
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In the symmetry breaking of the Standard Model, three of the components
of the complex Higgs doublet become the longitudinal degrees of freedom
of the W ± , Z 0 . In alternative mechanisms for symmetry breaking, such as
Technicolor [1, 2], there also exist spin zero particles which turn into the
longitudinal components of the gauge bosons. The equivalence theorem [3]
says that the scattering amplitudes of longitudinal gauge bosons at high
energy become equal to those of these spin zero Goldstone bosons in the
original theory, up to corrections suppressed by powers of the energy
M(WL± , ZL , . . .) = M(w ± , z, . . .) + O(MW /E)

(1)

Here w ± , z are the Goldstone fields. The equivalence theorem is useful because amplitudes involving the Goldstone bosons are generally easier to analyze than the full gauge boson amplitudes.
In this paper we discuss fermionic theories of symmetry breaking in which
there are global but not gauge anomalies. We will see that this can lead to
some counter examples to the equivalence theorem. Roughly stated, some
global anomalies can modify the couplings of the Goldstone bosons, while
not changing the gauge boson couplings. In most theories of Technicolor
the quantum numbers have been arranged in a way such that this does not
occur, but it remains a possibility in the larger framework of fermion-driven
symmetry breaking.
It is generally accepted that the quantum numbers of the fermion of the
theory must be chosen such that there are no anomalies in any of the currents
coupled to gauge bosons. If the vector and axial vector gauge currents are
(a)
(a)
described by matrices TV , TA
(a)

(a)

Jµ(a) = ψ̄γµ (TV + TA γ5 )ψ

(2)

the anomaly-free requirement is that
(a)

D abc = T r(TA {TVb , TVc }) = 0

(3)

For example, with the SU(2)L part of the neutral weak current and the
electromagnetic current for one family
1
¯ µ (1 + γ5 )d + ν̄γµ (1 + γ5 )ν − ēγµ (1 + γ5 )e]
[γ¯µ (1 + γ5 )u − dγ
2
2
1¯
=
ūγµ u − dγ
(4)
µ d − ēγµ e
3
3

Jµ3 =
Jµγ

1

the condition D 388 = 0 occurs through the cancellation of the quark and
electron contributions. In a one-doublet model of Technicolor, where the
SU(2)L current is
1
Jµ(3) = [Ū γµ (1 + γ5 )U − D̄γµ (1 + γ5 )D]
2

(5)

a cancellation with leptons is not used, so that the U(1) quantum numbers
must be rearranged, i.e.,
1
Jµγ = [Ū γµ U − D̄γµ D]
2

(6)

in order to generate the anomaly-free condition within a single doublet.
In general there are other currents which do have anomalies. For example,
the left handed isospin current in the Standard Model.
1
¯ µ (1 + γ5 )d],
Jµ3q = [ūγµ (1 + γ5 )u − dγ
2

(7)

which is classically a global symmetry current in the limit that the u, d
quarks are massless, does have an anomaly [4]
∂ µ Jµ =

αNc µναβ
ǫ
Fµν Fαβ + quark mass terms.
12π

(8)

By standard methods, this leads to the matrix element for π 0 → γγ decay
M(π 0 → γγ) =

αNc
ǫ1µ p1ν ǫ2α p2β
3πF π

(9)

which is in good agreement with the experimental value.
Fermionic theories of symmetry breaking make use of the fact that dynamical symmetry breaking of a global invariance can also at the same time break
the underlying gauge symmetry. A common pedagogical example is given by
QCD with massless u, d quarks[1], which has a global SU(2)L ×SU(2)R chiral
symmetry. This is dynamically broken to SU(2)V , with an order parameter
< 0 | ūL uR | 0 >=< 0 | d¯LdR | 0 >6= 0

(10)

and with the pions, π ± π 0 , being the Goldstone bosons. However, the vacuum
condensates of Eq. 10 also break the SU(2)L × U(1), gauge invariance of the
2

electroweak sector. If the Standard Model were to contain no Higgs bosons,
these QCD interactions would provide the dynamical breaking of SU(2)L ×
U(1), with the pions being eaten to form the longitudinal components of
W ± Z 0 , and masses given by
1
2
MW
= g22 Fπ2 = (30MeV )2
4
2
MZ2 = MW
/cos2 θW

(11)

Technicolor theories are often said to be like QCD because they are modeled
on this pattern of symmetry breaking, but with a larger mass scale [Fπ →
v = 246GeV ] and generally with different particle and quantum number
assignments.
QCD can also provide a pedagogical example for the clash between the
equivalence theorem and global anomalies. As mentioned above, there exist
a coupling of π 0 to two photons. In the Higgsless Standard Model, is the
longitudinal Z coupling Z 0 → γγ coupling equal to that of π 0 → γγ, as
stated by the equivalence theorem? Actually the transition of ZL0 → γγ
is forbidden for on-shell photons by Yang’s theorem[5], However even for
off- shell photons the relevant diagram vanishes in the Higgless Standard
Model. The vertex would be generated by the triangle diagram of Fig. 1
with electrons and u, d quarks in the loop. The electrons and quarks cancel
because their quantum numbers have been arranged to yield an anomalyfree current. In contrast the π 0 → γγ is related to the triangle diagram
with only u, d quarks in the loop. The difference between these implies that
M(ZL0 → γγ) 6= M(π 0 → γγ). However this is not as yet a true violation
to the equivalence theorem because it is not a process which occurs at high
energies E >> MW .
In order to be convinced that the global anomalies can lead to a violation of the equivalence theorem, we have carried out the calculation for
e+ e− → ZL0 γ and compared it to e+ e− → π 0 γ in the above model. Both
of these proceed through an off-shell γ (and Z) coupling. We display only
the intermediate photon result, although the Z 0 contribution is very similar.
The π 0 γ final state determined by the matrix element of Eq. 9, and yields
σ(e+ e− → π 0 γ) =
3

α3
.
24π 2 Fπ2

(12)

The Z 0 γ amplitude with the quarks in the triangle diagram requires the full
loop amplitude which has been given by Adler. For massless quarks one finds
σ(e+ e− Zγ)quark

MZ4
α2 g22
1
−
=
96π 2 MZ2 cos2 θw
q4

!

M2
1− 2 Z 2
q − MZ

!2

(13)

Because the vector boson mass is related to Fπ as given in Eq. 11, Eq. 13
would satisfy the equivalence theorem if only quarks were to be included.
However the full calculation of the Zγ final state requires both quarks and
leptons in the triangle diagram, and the lepton couplings have been arranged
to cancel the effects of quarks, such that if all the fermions are massless one
finds
σ(e+ e− → ZL0 γ)T OT = 0
(14)
We have not calculated any higher order diagrams leading to the Zγ final
state.
None of the existing discussions[3] of the equivalence theorem take into
account the possibilities of global anomalies in the Goldstone boson sector.
Indeed most proofs are firmly within the context of the Standard Model with
Higgs particles, and the Higgs particles do not have any anomalous couplings.
In order to incorporate global anomalies into the treatment of longitudinal
gauge bosons, one may use effective Lagrangians. Consider a theory beyond
the Standard Model which has two sectors. One is strongly interacting and
contains the fields which generate the Goldstone bosons. The only role of
the other sector is to cancel the anomalies in the gauge currents, and we
will assume that it consists of weakly interacting particles. If the scale of the
strong sector is well above MW , its effect at low energy can be described by an
effective Lagrangian involving only the Goldstone fields. The result is rather
similar to the effective Lagrangian found when one integrates out a very heavy
fermion[6]. In that case, the heavy fermion does not completely decouple,
but leaves behind the effect of the anomaly. Likewise, in our example the
low energy theory must contain an explicit Wess-Zumino-Witten[7] anomaly
Lagrangian in order to represent the contribution to the anomaly of the heavy
particles. We have
LT OT = LGoldstone + Llepton
LGoldstone = Lreg + Lanomaly
4

(15)

Here Llepton is the usual SU(2)L × U(1) invariant Lagranging of the weakly
interacting sector. The usual Goldstone boson effective Lagrangian is
v
T r(Dµ UD µ U † ) + . . .
Lreg =
4 

~
~
τ
·
φ

U = exp i
v

~τ ~
τ3
· Wµ U + ig1 U Bµ
(16)
2
2
The Wess Zumino Witten anomaly Lagrangian depends on the quantum
number assignments of the fundamental fields. For a weak doublet in an
SU(N) vector theory, the complete anomaly Lagrangian is given in Ref. 8.
We display here the portion involving two gauge bosons
Dµ U = ∂µ U − ig2

NT C µναβ
ǫ
T r[∂µ rν U † ℓα URβ + ∂µ ℓν Urα U † Lβ
48π 2
+(rµ ∂ν rα + ∂µ rν rα )Rβ + (ℓµ ∂ν ℓα + ∂ν ℓα + ∂µ ℓν ℓα )Lβ
1
+ (rµ Rν rα Rβ − ℓµ Lν ℓα Lβ ) − rµ U † ℓν URα Rβ + ℓµ Urν U † Lα Lβ ] (17)
2

Lanomaly = −i

where
Lµ = ∂µ UU † , Rµ = U † Lµ U = U † ∂µ U
~τ ~
τ3
−iℓµ = g1 (Q − )Bµ + g2 · W
µ
2
2
g2 Zµ τ3
g2
= eAµ Q +
[ − sin2 θw Q] + √ (τ+ Wµ− + τ− Wµ+ )
cosθw 2
2
g2 Zµ
sin2 θw Q
(18)
−irµ = g1 QBµ = eQAµ −
cosθw
Given this effective Lagrangian, one can make a gauge change which removes most of the manifestations of the Goldstone bosons. For this “unitary
gauge” we transform
~τ ~
~τ ~ ′
~τ ~ †
· Wµ → g2 · W
· Wµ U − i∂µ UU †
µ = Ug2
2
2
2
The lowest order Lagrangian becomes
g2

L2 =

g22 Fπ2
g 2F 2
(Wµ+ W −µ + 2 2π Aµ Aµ )
4
8cos θw
5

(19)

(20)

i.e., only the gauge boson mass term survives. However the Goldstone fields
do not disappear from the anomaly. While the specific form is not instructive,
we have verified that the anomaly Lagrangian still contains both U and
∂µ U after the gauge transformation of Eq. 18. Thus one does not entirely
remove the Goldstone degree of freedom by going to the unitary gauge. This
result is an indication, within the framework of effective Lagrangians, of the
inequivalence of some of the Goldstone and gauge boson couplings
Most models of Techicolor do not share this problem. The reason is
that in constructing a new technicolor model one generally requires that
anomaly cancellations occur completely within the new strongly interacting
sector as in Eq. 6. To do otherwise would be uneconomical because one
would require further fermions (“leptons”) outside of the Technicolor sector
in order to make the theory free of gauge anomalies. However there is no
requirement that forbids such an arrangement of fermions, as can be seen
from the fact that Nature has chosen these quantum number assignments for
the quarks and leptons of the Standard Model. Of course, the QCD effects
described above have negligible effects on W and Z physics at the TeV scale.
There may, however, be TeV scale theories in the class of possible examples
of fermionic symmetry breaking which do contain global anomalies for the
Goldstone bosons.
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